The dynamics of supercritical fluids, a state of matter beyond the gas-liquid critical point, changes from diffusive to oscillatory motions at high pressure. This transition is believed to occur across a locus of thermodynamic states called the Frenkel line.
istic jump time to reach its nearest neighbors, a mesoscopic interpretation of this dynamic transition is not well understood. A variety of molecular-level classification schemes [16] [17] [18] [19] [20] were proposed to understand the behavior of supercritical fluids by defining configurational clusters which are defined as a group of particles which are linked pair by pair based on a cutoff distance or a Voronoi cell volume. However, they do not yield the percolation lines linked with this dynamics transition because the Frenkel line is irrelavant to the gas-liquid criticality. 21, 22 Thus, there have been a few attempts to directly relate the structural characteristics with the Frenkel line. Three such examples are the anomaly in the third maximum of pair correlation function, 8 the packing fraction of effective hard spheres, 3 and tetrahedrality. 23, 24 Bolmatov et al. reported that the height of the third maximum of the pair correlation function diminishes when the system density is below the crossover density. Fomin et al. 3 and Ryltsev et al. 23 paid attention to the notion of percolation. Yet these approaches are limited in the following aspects. First, although the change of the pair correlation function was experimentally observed, there has been a controversy in its interpretation. Bolmatov et al. reported that the medium-range order persists below the crossover density based on the partial pair correlation function of CO 2 . 25 Bryk et al. deemed that no abrupt change of the pair correlation function occurs. They also criticized that the third-peak intensity of the pair correlation function is so weak that it is often difficult to distinguish from numerical errors. 26 Second, although the tetrahedrality and the packing fraction of effective hard spheres reach their percolation transition densities near the Frenkel line, 3,23 they explain how the solid-like structure evolves in the rigid liquid region between the Frenkel line and the melting line only approximately.
In this letter, we propose a topological method to understand the mesoscopic picture of the rigid-nonrigid transition across the Frenkel line. Since the diffusive motion of a particle is governed by its local configuration, we adopted the topological framework for local structure analysis 27 to investigate the systems. In this framework, a system composed of N atoms is first partitioned into N Voronoi cells, where the Voronoi cell of each atom is the region of space closer to it than to any other atom. Information about the connectivity of the edge graph of a Voronoi cell records information about the manner in which neighboring atoms are arranged relative to the central atom and to one another. This topological information can be encoded as a series of the integers called a Weinberg vector. 28 The list of the Weinberg vectors, hence, indicates the types of the nearest neighbors' configurations that a particle in a specific system can have. We expected that this topological framework could estimate the 'rigidity' of an individual particle systematically.
We first used VoroTop 29 to obtain the set of Weinberg vectors of the ideal gas and the maximally random jammed (MRJ) state, which are the two opposite limits of a fluid phase regarding the particle dynamics. In contrast to the ideal gas, in which molecules freely diffuse without being affected by neighbors, the MRJ state is defined as a state where the particles are disordered while being mechanically rigid. 30 The distributions of types of the Voronoi cells from these thermodynamic limits were distinct. In the ideal gas, 9,710,780 types of the Voronoi cells were identified when fifty configurations of 500,000 particles were used. The list of the most frequently observed Voronoi cells agreed with the previous work by Lazar et al. 31 In the MRJ state, 325,399 types of the Voronoi cells were obtained from fifty configurations of 500,000 particles. The list of the frequently observed Voronoi cells of the MRJ state was discrepant with that of the ideal gas. The likelihood of the most abundant Voronoi cell in the MRJ state was higher than that in the ideal gas by a factor of ten. Most of the Weinberg vectors from the MRJ state were a subset of those from the ideal gas (see the Supporting Information for the details of the Weinberg vectors obtained from these two dynamic limits).
The discrepancy between the list of the Weinberg vectors led us to define the rigidity of a particle from the likelihood of its Weinberg vector to appear in the ideal gas or the MRJ state. Thus, we designed the following strategy to classify a molecule as either gas-like or solid-like ( Figure 1 ).
Figure 1:
A two-step strategy for the topological classification of a configuration of N atoms. After the topological types of the Voronoi cells are obtained, the probability of finding the type of the Voronoi cell in the ideal gas (f ig ) and that in the MRJ state (f mrj ) are compared. After the initial classification, the state number of each atom is averaged considering the first and second nearest neighbors with a weight. For visualization, two-dimensional Voronoi cells were used to represent the scheme.
When the configuration of a system is obtained ( Figure 1A) , the topological information of each atom is used for the initial classification. It is labeled as a solid-like particle (state 1) when its Weinberg vector is more frequently observed in the MRJ state than in the ideal gas (f mrj > f ig ). Otherwise, it is classified as gas-like (state 0). After this topological classification, the fraction of solid-like molecules, which is defined as Π solid = N solid /(N gas + N solid ), in the ideal gas was calculated as approximately 9.89 %, and that of gas-like ones in the MRJ state was about 5.14 %. This high fraction of solid-like molecules in the ideal gas comes from the configurational fluctuation; it causes some molecules to have the same Voronoi topology to the MRJ state by chance. Thus, the state numbers are recalculated based on the following weighted mean-field strategy. In this procedure, the state number of the i th molecule (s i ) is calculated as:
where s k is the state number of the k th neighbor of the i th molecule obtained from the first step, and N k is the number of Voronoi neighbors of the k th atom. Hence, this strategy imposes a weight based on the chemical distance from the i th atom. When this weighted mean-field strategy is applied, the fraction of solid-like (gas-like) molecules in the ideal gas (MRJ state) decreases to zero.
We applied the designed topological classification method to the configurations of supercritical argon obtained from the Molecular Dynamics (MD) simulation. Figure 2 shows the fraction of solid-like molecules (Π solid ) at five different isotherms (1.0 ≤ T r ≤ 70.0). Regardless of the simulation temperature, Π solid showed a sigmoidal dependence on the reduced density ρ r = ρ/ρ c that can be expressed as:
Π solid starts to steeply increase near the crossover densities characterized as the Frenkel This significant result has the following implications. First, the topological strategy designed depends on neither dynamics nor the thermodynamic properties of a system. It only classifies a molecule relying on the instantaneous configuration. Yet, the density where Π solid abruptly increases is consistent with the dynamic crossover density characterized by the phonon theory and the two-phase thermodynamics (2PT) model. 22, 32 Second, the sigmoidal dependence of the solid-like fraction can be well explained by the two-state theory. 18, 33, 34 In the two-state theory, two interconvertible states of molecules are regarded as the following equilibrium reaction.
A(gas) ⇀ ↽ A(solid)
where the equilibrium constant K eq is given as: Hence, we further examined the structural characteristics of supercritical fluid across the Frenkel line. First, we attempted to show the presence of the percolation based on the finite-size scaling analysis. 35 In the percolation analysis, two Voronoi neighbors, which share a face with each other, were regarded to be connected if their state numbers (s i ) were the same. Hence, two distant molecules are assigned to a single cluster if they are connected through other atoms whose state numbers are the same as theirs. By applying the clustering algorithm by Stoll, 36 we could analyze the percolation behavior of solid-like and gas-like structures in supercritical argon. Figure 2b shows the probability of finding an infinite cluster in a configuration (p inf ). As the density increases, p inf increases from zero to one above the Frenkel line. Figure 3b shows the similar dependence on the solid-like fraction. When the fraction of solid-like molecules (Π solid ) was used as an order parameter, p inf curves with the same number of molecules at different isotherms collapse to a single line. We conducted the finite-size scaling analysis 35 on these systems (see the Supporting Information for the detailed procedure of the finite-size scaling analysis). The percolation threshold in the infinite system (N → ∞) was obtained as Π c solid = 0.1159 ± 0.0081, which is lower than the random percolation threshold on the Voronoi lattice (Π thr = 0.1453 ± 0.002) calculated by Jerauld. 37 The correlation length exponent was ν = 0.9030 ± 0.0319 comparable to that of the random percolation on the Voronoi lattice (ν = 0.874 ± 0.08). Low percolation threshold implies that the percolation of solid-like structures obtained from the algorithm is a correlated percolation in which the site correlation comes from the weighted mean-field classification; the site correlation reduces the percolation threshold. 38 Figure 4 : Crossover densities estimated from the topological classification method and other thermodynamic and dynamic criteria. 10, 13, 22 The first order phase transition lines (Vapor-Liquid Equilibrium line (VLE) and Solid-Fluid Equilibrium line (SFE)) are from Yoon et al. 22 Figure 4 compares the crossover densities obtained from the 2PT model and the conventional criteria with those from the topological method. As shown in Figure 2a , the solid-like fraction abruptly increases near the Frenkel line located based on the 2PT model and the Frenkel frequency. As described earlier, the solid-like fraction is almost constant (Π solid = 0.02) along the dynamic crossover line. As the density increases further, Π solid becomes the percolation threshold concentration (Π c solid ) in the rigid liquid region. The percolation densities are consistent with those from thermodynamic (C v = 2.0k B ) and dynamic (VACF) criteria. Hence, these results substantiate our hypothesis that the solid-like structures defined from the topological classification percolate near the crossover densities obtained from the thermodynamic and dynamic criteria. Simultaneously, it gives a physical interpretation of the discrepancy of the Frenkel lines from the Frenkel frequency and other criteria. The dynamic crossover line from the 2PT model and the Frenkel frequency is a set of onset densities where the nonrigid-rigid transition starts to occur, whereas that defined from the thermodynamic and dynamic criteria is where the solid-like structure percolates.
Our topological framework based on the Voronoi tessellation successfully interprets the physical meaning of the Frenkel line. It is a set of onset densities where the percolation of solid-like structures occurs. This result enables us to understand the physical significance of the Frenkel line as a partitioning line of the rigid-nonrigid fluids from the viewpoint of the two-state theory, which was used to explain the supercritical gas-liquid transition near the critical point and the liquid-liquid criticality. Therefore, this result deeply motivates us to conquer the terra incognita of the fluid phase in an integrated manner.
